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Equivariant harmonic maps into homogeneous spaces 
Caio J. C. Negreiros 
Departamento de Matematica, IMECC-UNICAMp, G.P.6101, 13081 Campinas, SP, Brazil 
(Received 16 August 1989; accepted for publication 21 February 1990) 
This paper is about harmonic maps from closed Riemann surfaces into homogeneous spaces 
such as flag manifolds and loop groups. It contains the construction of a family of new 
examples of harmonic maps from T2 = S 1 xS 1 intoF(n) or O(U(n») that are not holomorphic 
with respect to any almost complex structure on F(n) or O(U(n», where F(n) is the quotient 
of U(n) by any maximal torus and O(u(n» consists off S 1-. U(n) smooth such thatf( 1) = l. 
I. INTRODUCTION 
In this paper we study harmonic maps that are equivar-
iant with respect to an S 1 action from T2 = S 1 xS 1 into the 
full flag manifold F( n) = U( n) IT, where T is any maximal 
torus of U(n) and F(n) is equippped with a large class of 
left-invariant metrics that includes the Kiihler ones and the 
Killing form metric. In Ref. 1 we studied only F(n) 
equipped with the Killing form metric. We also discuss the 
extension of these results to the Loop group O(U(n». 
Often interesting examples of solutions to nonlinear 
problems are found by examining an equivariant case. The 
assumption of equivariance under a continuous group action 
whose orbits have codimension one in the domain manifold 
reduces a partial differential equation to an ordinary differ-
ential equation, and by using the theorem of existence and 
uniqueness of solutions of ordinary differential equations, 
we can produce lots of solutions of our problem. 
We also know that the critical points of a functional on a 
space of maps are difficult to treat in general. The energy 
functionals whose critical points are the harmonic maps are 
easier to analyze from the point of view of computations 
than, for example, the Yang-Mills functional, but they share 
some of their important properties like conformed invar-
iance in the domain manifold, bubbling-of phenomena, etc. 
This paper was inspired somehow by the fact that we can 
obtain, in a more or less standard way, Yang-Mills connec-
tions of S 2 X S 2 that are not instantons. See Ref. 2 for possible 
connections with the subject of that paper. 
In the case of S4, according to results of Atiyah3 and 
Donaldson,4 we have a natural 1-1 correspondence between 
instanton connections on S 4 and holomorphic S 2 into Loop 
groups. Recently, L. M. Sibner, R. J. Sibner, and K. Uhlen-
beck5 announced the existence of SU(2) Yang-Mills con-
nections on S4 that are not instantons. 
Now if one wants to understand the problem of harmon-
ic maps into nonsymmetric spaces like the Loop group with 
the (symplectic) Kahler structure, it is natural to start this 
study with harmonic maps into full flag manifolds, since 
such manifolds model the geometry of the Loop group in 
finite dimensions. See Refs. 6 or 7 for more details. 
In Sec. II we state some basic facts about maps into flag 
manifolds and describe a precise set ofleft-invariant metrics 
in such manifolds with which this paper is concerned. 
In Sec. III we recall the expressions for the harmonic 
and holomorphic maps equations in terms of projection op-
erators as in Refs. 1 or 8 and derive topological restrictions 
for a totally isotropic map;: T 2 -.F(n) to be holomorphic 
with respect to a nonintegrable almost complex structure on 
F(n). 
In Sec. IV we construct a series of new examples ofhar-
monic maps;: T2 -. F( n) that are not holomorphic with re-
spect to any almost complex structure on F( n), where F( n) 
is equipped with a large class ofleft-invariant metrics. Then 
using Ref. 9 we see how these maps generate two-tori into 
O(U(n»). 
The content of this paper was originated during the peri-
od of my doctoral thesis. 10 
II. SOME BASIC FACTS ABOUT MAPS INTO FLAG 
MANIFOLDS 
A flag manifold is a homogeneous space G IT, where Gis 
a compact Lie group and Tis any maximal torus. We denote 
by F(n) the flag manifold with G = U(n) and 
T = U(1) X ... X U( 1). 
ntimes 
The Killing form of U( n) is a positive-definite inner 
product (,) on the Lie algebra u (n ), and one has the decom-
position 
u(n) =PEBu(1) EB"· EBu(1). 
" v " ntimes 
If ~ is a Lie algebra over R and p is a subspace of ~ ,p is 
called a Lie triple system if given X, Y,Zep then [X, [ Y,Z])ep. 
Let us recall the following result due to E. Cartan. 
Theorem 2.1: Let G be a Lie group and H be a closed 
subgroup of G, but let M = G I H be a symmetric space. Let 
~ = P EB h, where ~ is the Lie aglebra of G and h is the Lie 
algebra of H. Let s be a Lie triple system contained in p. Put 
S = exp(s). Then S has a natural differentiable struture in 
which it is a totally geodesic submanifold of M satisfying SPo 
= s. On the other hand, if S is a totally geodesic submanifold 
of M and PoeS, then the subspace s = SPc. of ~ is a Lie triple 
system. 
Proof: See Ref. 11. 
As a consequence of Theorem 2.1 we see that F(n) can-
not be a symmetric space. 
We have p =~.oeS Es ' where S~N* is the set of roots 
and Es is the root-space corresponding to seS. We have 
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P® C= L Es, 
R SES' 
where S' is the subset of complementary roots. 
A T-invariant almost complex structure on F(n) corre-
sponds to a T-invariant endomorphism J of P with J 2 = - i 
Such endomorphisms correspond to some decomposition of 
S = S + EB S -, where 
S -I = { - a; aES +} 
and 
p®C=P(l,Q) EBp(O,I) = (L Es)EB( L Es). 
R seS+ seS-
The almost complex structure is integrable precisely when 
S + is the set of positive roots with respect to a choice of 
fundamental Weyl chamber D in u( 1) EB ••• EB u(1). 
A general (T-invariant) almost complex structure is 
specified by whether or not it agrees with J on each 
Es EB E _ so so there are 21s + I possibilities, but only n! [order 
ofthe Weyl group of U(n)] are integrable. 
Now we define a family of left-invariant metrics on 







Ei=i o ' 
o 
o o 
a= (aij), aij=aii>O. 
If we restrict our almost complex structures in F( n) to 
the integrable ones, we can see that 
give all left-invariant Kahler metrics on F(n). See Refs. 12, 
10, 13, or 14 for more details. It is worthwhile to point out 
that if we consider F(n) with the normal metric induced 
from the natural bi-invariant metric on U(n), it is not a 
Kahler manifold. 
Let ~" denotes the trivial holomorphic vector bundle 
M 2XC" over M2. 
We use extrinsic differential geometry and think of t/J: 
M 2 --+ F( n) as a map or a subbundle of C" via the pullback of 
tautological defined vector bundles on F(n). Note that we 
also think of F(n) as the set of n-tuples (LI,. .. ,L"). Here Li 
is a one-dimensional subbundle ofC", L; is perpendicular of 
L j if i=j:.j, and LI EB'" EBL" = C".-Then the tautologously 
defined vector bundles on F(n) have as fibers over a flag 
(LI" .. ,L") the vector spaces LI, ... ,L", respectively. 
As usual, we identify a smooth map t/J: M 2 --+ cp n - I with 
a subbundle t/J ofC" of rank one that has fiber at xEM given by 
1636 J. Math. Phys., Vol. 31, No.7, July 1990 
t/Jx = T",(x) where T is the tautological line bundle over C 
P" - \; i.e" Jk. = t/J* ( T). Any subbundle Jk. of C" inherits a 
metric denoted by (,) '" and a connection denoted by D¢>, 
from the flat metric and connection a on C". 
Explicitly, -
(V,W)", = (V,W), VV,WEt/Jx, xEM, 
and 
(D",>ZW= 1I",(az W), WEr(t/J), ZET(M)I,JO. 
Here 1I.1t :~n --+ Jk. denotes the Hermitian projection in the sub-
bundleJk.. 
Note that we always describe F( n) in terms of the natu-
ral embedding F(n)~cpn-IX···Xcpn-l. So t/J: 
M 2--+F(n) is described as t/J = (1I\,. .. ,lI n ) where II;: 
M 2--+CP"-\ and 1I;lIj = Dijll;. 111 = II;. 
Now let g:M2--+ U(n) 'g; this can be thought of as 
g = (XI, ... ,xn)' where X; is a matrix with n rows and one 
column and gg* = I. We introduce the orthogonal projec-
tions III (g) = X\Xr, ... ,lIn (g) = XnX~, Hence we must 
havell\ + ... + lI(n) = I and 1I;lIj = o ifi =j:.j and m = II; 
sinceg*g = I andX1Xj = D;j. 
Alternatively, we can think of II; as 1I;(g) =gE;g*, 
where E; is already defined, Gauge transformations act on g 
as 





The Gauge potential is 
and the covariant derivative is 
Du (XI,· .. ,Xn) = (1I 1(au (XI »,···,lIn(au (Xn »), 
where u = a / az or a / az. By composing g with 
II:U(n)--+U(n)/T=F(n), we can think of t/J=lIog: 
M 2--+F(n) ast/J = (1I 1, ... ,lI n). Then each such t/J determines 
tautologously defined vector bundles lll, ... ,lln over M2. Let 
all;lax = aall;lax be the covariant derivative of II; with 
respect to x. We call the partial second fundamental forms of 
t/J the maps 
A ;j= 1I.(Aj) = II. allj if j-l-J .. 
x, x 'ax T. 
Note that A 1EHom( IIj ,II;) and ~jA 1 is the second 
fundamental of the span of II;. 
Now if we think of M2 as a complex one-dimensional 
manifold, then we define 
all; = ~(all; -..r=-r all;) 
az 2 ax ay 
and 
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a~ =~(alli +FT alIi). 
az 2 ax ay 
We also define 
A ~ = L A i.j, A ~ = L A i.j, 
i(#j) i(#j) 
where 
A ij _ II aII
j 




III. HARMONIC AND HOLOMORPHIC MAPS INTO FLAG 
MANIFOLDS 
We now study the energy integral in terms of projection 
operators and write down the Euler-Lagrange equations for 
our variational problems. 
Definition 3.1: Given a smooth map 
rp = (II), ... ,IIn ): M
2-->(F(n)=U(n)/n ga=(a;j», where 
IIi = rpEirp*, we define the energy of rp as 
ijt) fM' aij tr(A:tA ~i) Vg , 
where J.L = Z or Z. 
Proposition 3.2: Let rp = (II), ... ,IIn ): M 2-->(F(n),ga) be 
any smooth map. Then 
where J.L = Z or Z, « » denotes the L 2_ Hilbert inner prod-
uct and d a = (dij) where d ij = aijA ij , }J. }J. , }J. • 
Proof: By definition 
Then 
~E = 2 Re{fM' (aijA :t,~(A :t» Vg 
= 2 Re{fM' aij(A:t, [A :t,q] - IIi !;) Vg } 
= - 2 Re{fM,aij(A~,A :t,q)} 
- 2 Re{EM' (aijA:t, !~) Vg } 
= - 2Re( (;, !;)) since Re{aij([A :t,A~ ],q)} = O. 
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Corollary 3.3: Let rp = (II), ... ,IIn ):M2--> (F(n),ga), 
wherega is any left-invariant metric on F(n). Then rp is har-
monic if and only if 
~(d~) +~ (da ) =0 
ax ay Y 
if and only if 
~(d~) + ~(d~) =0. 
az az 
Proof: By the above and according to the fundamental 
lemma of the calculus of variations, we have that rp is har-
monic if and only if 
Re{ ~(da)} =~(da) +~(da) =0. 
az z ax x ay Y 
Equivalently, we see that 
a~ (d~) + :z (d~) = 2( ~ (d~) + ~ (d;) ). 
Now let [I,n] = {xE1:; I<x<n}. Consider D = {(i,i); 
I <i<n} and S + to be a partition of ( [I,n] X [I,n] - D) 
containing (n 2 - n)/2 elements such that if (iJ)ES + then 
(j,i)fiS +. We denote S - as the complement of S + in 
([ I,n] X [I,n] - D). We call S + a positive system in [I,n]. 
Let EO and E denote the a and (j energy, respectively, 
defined by 
o ~ f I ijl2 Es+(rp)=(ij~S+JM,Az Vg 
and 
Therefore rp = (II), ... , II n ): M 2 ..... F( n) is holomorphic with 
respect to the almost complex structure determined by S + if 
and only if 
Es+ (rp) = L f IA ¥'12Vg = 0 
(ij)ES+JM' 
if and only if A¥'= 0 'r/(iJ)ES +. 
Definition 3.4: Letrp = (II), ... ,IIn ):M2-->(F(n),ga) bea 
harmonic map. Note that rp is called totally isotropic if 
[d z,dz]p = 0, where [d z,dz]p denotes the offdiag-
onal part of the nXn matrix [d z,dz ]. 
Now by using the Koszul-Malgrange theorem, we can 
prove that if rp = (II), ... ,IIn ): M2 ..... (F(n ),ga) is a totally iso-
tropic map, then d:tEHom(IIj,IIi) ~II! ® IIi isaholomor-
phic section of the line bundle II! ® IIi over M2 when the 
total space of such bundle has a suitable complex structure. 
See Ref. 14 for the details of such fact. 
We now prove a result for harmonic maps 
rp = (II), ... ,IIn ): T2 = S) xS 1 ..... (F(n),ga)thatconsistsofa 
purely topological restriction for rp to be holomorphic with 
respect to some nonintegrable almost complex structure on 
F(n). 
Proposition3.5:Letl/J = (II), ... ,II n ): T 2-->(F(n),ga)bea 
totally isotropic map, holomorphic with respect to some 
nonintegrable almost complex structure on F(n) but not 
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with respect to any integrable one. Then C I [111] = ... = C I 
[lIn] = 0, where ctflI;] denotes the first Chern number of 
11;. 
Proof: We give the prooffor n = 3, and for arbitrary the 
proof is similar. 
Without loss of generality we can assume, say, that 
.0f 11 # 0, .0f~1 # 0, and .0f¥ # 0, otherwise </J would be holo-
morphic with respect to some integrable almost complex 
structure. 
But T( T2) ® IIj ® 11; has a holomorphic section if and 
only if -c l [T
2




cdlIt1 ;;'C I [11 2 ], 
CI [112 ] ;;'C I [11 3 ], 
CI [113 ] ;;'C I [IIt1, 
i.e., C I [11 t1 = cd 112 ] = C I [113] . But III + 112 + 113 is equal 
to the trivial bundle over T2, hence cdlIl] 
+ CI[II2 ] + cdlI3] = 3cl [IIt1 = O. Therefore 
c l [IIt1 =CI[II2 ] =CI[II3 ] =0. 
IV. EQUIVARIANT HARMONIC MAPS INTO FLAG 
MANIFOLDS 
In this paragraph, we will study harmonic maps that are 
equivariant with respect to an S I action on the space ofhar-
monic maps from S I X R to F( n) in the sense of Palais. 15 
Such equivariant harmonic maps will provide new examples 
ofequivarianttori T2 = S I xS I intoF(n) or more generally 
equivariance harmonic T2 = S I xS I into the loop group 
n(U(n». 
Often interesting examples of solutions to nonlinear 
problems are found by examining an equivariant case. The 
assumption of equivariance under a continuous group action 
whose orbits have codimension one in the domain manifold 
reduces a partial differential equation to an ordinary differ-
ential equation; then we essentially use the theorem of exis-
tence and uniqueness of solutions of ordinary differential 
equations. 
Now let us recall some useful facts from the general 
theory of equivariant harmonic maps. 
Let G be a compact, connected group of isometries of M. 
An immersionf N ..... M is called G-invariant if there exists a 
smooth action of G on N such that gf=fg, 't/geG. The 
submanifold I is said to be minimal if its mean curvature 
vector field vanishes identically. 
Definition 4.1: By an equivariant variation of a G-invar-
iant submanifold f N ..... M, we mean a differentiable vari-
ation /,: N ..... M, - E < t < E, 10 = f, through submanifolds 
such that g'/, = /,.g for all geG and all t. We recall the fol-
lowing useful result of Hsiang and Lawson. 16 
Theorem 4.2: Let Nbe a compact manifold andf N ..... M 
be a G-invariant submanifold of M. ThenfN ..... M is minimal 
if and only if the volume of N is stationary with respect to all 
compactly supported equivariant variations. 
These results have a close relationship with the theory of 
harmonic maps if one recalls that every minimal surface is 
1638 J. Math. Phys., Vol. 31, No.7, July 1990 
harmonic in some conformal structure. Furthermore, if 
</J: (M,g) ..... (N,h) is a nonconstant, harmonic and conformal, 
then it is a minimal branched immersion. 
Let G be a group acting on Map(M,N) and let E: 
Map(M,N) ..... R be a C I function invariant under the G ac-
tion. A symmetric point of Map (M,N) is an element of the 
set l'. = {</JMap(M,N);g'</J = </J 't/geG} of points fixed under 
the action of G. The principle of symmetric criticality states 
that in order for a symmetric point </J to be a cricital point, it 
suffices that it be a critical point of E Il:' Furthermore, l'. is a 
totally geodesic submanifold of Map(M,N). This principle 
is very useful in our present case, since the energy is invariant 
under the circle action because of the cyclic property of the 
trace. See Ref. 15 for more details. 
Now we study the differential equations found in Ref. 
17, adapted to our nonsymmetric case. 
Consider p:SI ..... U(n) given by p(exp(~B» 
= exp(AB), where A is some fixed matrix in u(n) and we 
also assume exp (21T A) = l. 
Let d /dt be a basis of R and consider dp(O) (d / 
dt) = AEu(n). Assume further that the set of equivariant 
harmonic maps 
Fp = {<PEC oo(S I X R; F(n»; 
</J(exp (~B),t) =p(exp(~ B»'I(t), 
where 
l(t) = II (t),···Jn (t); 
17(t) =/;(t), /;(t)-jj(t) =0 
ifi#jandli(t), and l'.J:(t) = I, for all exp(~ B)ES I} 
is nonempty. 
Note that U(n) acts on F(n) by conjugation: 
U(n) xF(n) ..... F(n), 
(A,X) ..... AXA -I. 
Let </J: (II I, ... ,II n ): S I XR ..... F(n) given by 
</J(exp( ~ B),t) = (111 (B,t),···,IIn (B,t» 
= exp(AB) f(t). 
So 11; (B,t) = exp(AB)/; (t)exp( - AB). 
Now by studying special cases of a general second-order 
ordinary differential equation, we will construct examples of 
harmonic maps </J = (II I, ... ,II n ): T2 = S I xS I ..... F(n) that 
are not holomorphic with respect to any almost complex 
structure on F(n), where F(n) is equipped with any left-
invariant metric defined in Sec. II. 
Consider a local chart U ~ R2 for a Riemann surface M 2 
and B I, B2 in u(n) such that [B I ,B2] = O. Then we can de-
fine locally the following map: 
-if> 
U ..... U(n), 
(x,Y)t-+exp(Blx + BlY). 
We have seen that (p induces a map </J = (II I, ... ,IIn ): 
U ..... F(n) given by II;=(pE;(p*=exp(Blx+BlY)'E;' 
exp( - Blx - BlY). We can prove the following. 
Lemma 4.3: Let</J = (III,. .. IIn): U ..... F(n) given by 
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llj = exp(Blx + B2Y)' E j 'exp( - Blx - B2Y), 
where B I,B2 are in u(n) and [B I,B2] = O. Then 
d x = I aij exp(Blx + B2Y)Ej B IEj exp( - Blx - B2Y), 
j#j 
d y = Ia ii exp(Blx + B2Y)Ej B2Ej 
iJ 
i#j 
Xexp( - Blx - B2Y). 
Proof: We will prove the expression for d x' and the one 
for d y is proved similarly. We have 
.... .. alli .. 
aliA"';, = a'lllj ax = a'lllj(BI exp(Blx + B2Y)'Ej 
'exp( - Blx - B2Y) - exp(Blx + B2Y)Ej B I 
Xexp( - Blx - B2Y». 
But B I' B2 = B2' B I so we have 
aiillj(exp(Blx + B2Y) (BIEj - EiBI)exp( - Blx - B2Y» 
= aii exp(Blx + B2Y)Ej 'exp( - Blx - B2Y) 
xexp(Blx + B2Y)' [BI,Ei ]exp - (Blx - B2Y) 
= aii exp(Blx + B2Y)EIB IE i 'exp( - Blx - B2Y). 
Now we can find the Euler-Lagrange equations for the equi-
variant maps defined above. 
Proposition 4.4: Let ¢J = (lll, ... ,lln ):U ..... F(n) be a 
smooth map such that llj = exp(Blx + B2Y) 
. Ei 'exp( - Blx - B2Y), where BI and B2 are in u(n) and 
[B I ,B2 ] = O. Then ¢J is harmonic if and only if 
I aijEi([BI,diag Btl + [B2,diag B2])Ej = 0, 
iJ 
ih 
where diag(Bj) denotes the diagonal part of Bo i = 1,2. 
Proof: According to Corollary 3.3 ¢J is harmonic if and 
only if 
~(da + i.( d a) = o. 
ax x ay y 
Hence let us compute (alax)(d~) and (alay)(d;). We 
have 
- aij exp(Blx + B2Y)EiB IEj 'BI exp( - Blx - B2Y) 
Xexp(B,x - B,y) [Bb! a'JE,B,Ej ]exP( - B,x - B,y) 
= exp(Blx + B2Y)aijEi [BI,diag BI]Ej exp( - Blx - B2Y). 
Simlarly, we prove that 
a .. 
- (d;) = exp(Blx + B2Y)aliE i [B2, diag B2]Ej 
ay 
Xexp( - Blx - B2Y). 
Theorem 4.5: Let 
R2 2 
¢J = (lll,· .. ,lln): = T ..... (F(n),g (;}) al (jJf3l a= a 
be an equivariant map defined as in Lemma 4.3, where 
lli = exp(Blx + B2Y)Ei 'exp( - Blx - B2Y), 
and B I,B2 are in u(n) with [B I,B2] = O. Furthermore, as-
sume EiBkEj #0 for some 1 <J#j<,n, k = lor 2, and that 
IdjEj ([BI, diag Btl + [B2, diag B2])Ej = O. 
ij 
ih 
Then ¢J is harmonic with respect to the metric ga = (a;)) but is 
not holomorphic with respect to any almost complex struc-
ture on F(n). 
Proof: According to our hypothesis and Proposition 
4.4., ¢J is harmonic. On the other hand, di,j 
= d jj + '=T dij and dji = A ji + '=T d:jj are both x V-I Y Z x V-I y 
nozero according to our hypothesis and Lemma 4.3. There-
fore, according to the holomorphic map equations in Sec. 
1639 J. Math. Phys., Vol. 31, No.7, July 1990 
III, ¢J is not holomorphic with respect to any almost complex 
structure on F(n). 
The result above allows us to construct several examples 
of harmonic and nonholomorphic maps from T2 to 
(F(n),ga)' For example, let 
f R ..... U(n), 
li--+exp (Bt) , 
where 
0 a..r=T 0 0 0 
a..r=T 0 0 0 0 
B= 0 0 0 f3..r=T 0 
0 0 f3..r=T 0 0 
0 0 0 0 0 
Eu(n), 
and a and f3 are nonzero real numbers. 
Then 
(Bt)2 (Bt)n 
exp(Bt) =I+Bt+--+ .. · +--+ .... 
2! n! 
Hence 
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cos at 0 0 0 0 sin at 0 0 
0 cos at 0 0 0 sin at 0 0 0 0 
0 0 cosf3t 0 0 0 0 sin f3t 0 
!(t)exp(Bt) = + -1 0 0 0 cosf3t 0 0 0 sin f3t 0 0 
0 0 0 0 0 0 0 0 0 0 
Let us consider as the first set of examples the case B) = B2 = B, where a and f3 are nonzero real numbers. 
Now let us consider~: R)-- U(n) given by ~(x,y) = exp(Bx + By). Then ~ induces a map: 
R2 
¢: --F(n) 
(21T/a)Z EB (21T/a)Z 
given by 
( 
2TI 2TI) - -¢ x + -;; n,y + p m = ¢(x,y,(E), ... ,En)¢ *(x,y) = exp(Bx + By) (E),. .. ,En )exp( - Bx - By). 
Since diag B = 0, according to Theorem 4.5, ¢ is harmonic with respect to any left-invariant metric on F(n) but is not 
holomorphic with respect to any almost complex structure on F(n), since E)BE2 = E2BE) = a.r=T #0. 
0 a).r=T 0 0 0 0 
a).r=T 0 0 0 0 0 0 
0 0 0 a 2.r=T 0 0 0 
0 0 a 2.r=T 0 




0 ak.r=T 0 
0 0 0 0 0 ak.r=T 0 0 
0 
0 0 0 0 0 0 0 
such that 2k<.n. 
Another family of harmonic with respect to any left-invariant metric on F( n) as defined in Sec. II but nonholomorphic 
maps is given by 
0 a.r=T 0 0 0 
a.r=T 0 0 0 0 
B)= 0 0 0 f3.r=T 0 
0 0 f3.r=T 0 0 
0 0 0 0 0 
and 
0 f3.r=T 0 0 0 
f3.r=T 0 0 0 0 
B2 
0 0 0 a.r=T 0 
0 0 a.r=T 0 0 
0 0 0 0 0 
where a and f3 are nonzero real numbers such that a/f3EQ. 
Then B) and B2 are in u(n), [B),B21 = 0, and furthermore 
there exists YER such that aT andf3'Y are integers. 
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¢(x + 2TIny,y + 2TImy) 
= ¢(x,y) (E), ... ,En )¢* (x,y) 
= exp(B)x + B1Y) (E), ... ,En )exp) - B)x - BzY). 
But diag(B) = diag (B2 ) = O. Then again, using Theorem 
4.5, we see that ¢ is harmonic with respect to alileft-invar-
iant metrics defined in Sec. II but not holomorphic, since 
E)B)E2 = E2B)E) = a.r=T #0. 
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We can generalize this example by taking B.eu(n) of 
the following form: 
B· • 0 0 
0 BI 2 
-. 
B.= . 
B~ . . . 
0 0 0 0 
where 
0 aiI=T 0 
aiI=T 0 0 Bi-1-
0 0 0 
0 0 PiI=T 
and 
. . . 
B2 B~ . . . 
0 0 
where 
0 PiI=T 0 0 
PiI=T 0 0 0 
B~= 
0 0 0 
0 0 aiI=T 0 
such that 2k<n. Furthermore, we also assume that all 
PI = ... = aklPk are all rational numbers. 
It would be interesting to look for another way of gener-
ating harmonic with respect to all left-invariant metrics de-
fined in Sec. II but not holomorphic with respect to any 
almost complex structure on F(n). Another class of har-
monic but holomorphic maps are the Eells-Wood maps. See 
Refs. 12 or 14 for more details. 
It would be nice to understand the stability of the maps 
that we have built in this paper with respect to the family of 
left-invariant metrics defined in Sec. II. 
We notice that Lemma 5.4 in Ref. 14 would be true in 
this case, and to use this lemma in a profitable way, it would 
be necessary only to understand the stability of such maps 
when F( n) is equipped with Kahler metrics. 
Now let us show how these examples above provide ex-
amples of harmonic and nonholomorphic maps from T2 into 
O(U(n», where O(U(n» is equipped with thes usual sym-
plectic Kahler metric. To see this, we sketch the holomor-
phic and totally geodesic embedding of F(n) into O(U(n» 
according to Ref. 9. 
Let us now recall some basic facts about O(U(n». See 
Ref. 7 for many more details. Let O(U(n» = (f: S I .... U(n) 
smooth such thatf( 1) = I}. We can put a group structure in 
O(U(n» defining (f·g)(e.r=t 6) = f(e.r=t fJ'g(e.J-t fJ). 
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The simplest case is when G = U(1).Then O(U(1» has 
components indexed according to the winding number, and 
each component can be identified with the space of functions 
f: S 1 .... R such that f( 1) = O. The Fourier series of such a 
function is 
"" tP= L anzn, a_ n =On, Lan =0, 
n= - 00 n 
therefore the coefficients an' for n > 0, determine tP com-
pletely. Hence each component ofO(U( 1» becomes a com-
plex vector space of infinite dimension. 
For non-Abelian G, O( G) is not linear any more. How-
ever, it still is an infinite-dimensional manifold, and we can 
again use Fourier series to introduce complex coordinates. 
We know that 0 ( G) J is equal to 0 (g) and can be represent-
ed in Fourier series as 
"" tP= L anzn, a_ n = -a:, Lan =0, 
n= - 00 n 
where an Egc. If G = U(m), then an eCm and a! is the trans-
pose conjugate matrix. So O(G)I becomes an infinite-di-
mensional complex vector space . 
Now we can define several almost complex structures 
on O( G), namely if ¢'EO ( G) J' we define 
"" J(tP) = L anFT anZ n, 
n= - 00 
where an = ± 1 and a _ n = + 1. The almost complex 
structure obtained by making an = 1, \:In> 0, is integrable 
and is called the canonical almost complex structure. 
The next point is to define a canonical Kahler structure 
on O(G). To define a Hermitian metric on O(G) is again 
enough to define in 0 ( G) J and translate it via the group 
action. There are several natural left-invariant metrics on 
o (G) (see Ref. 7 for more details), but it seems to be the 
most natural when given with respect to the Fourier coeffi-
cients by l:n>O n tr(ana!) where an is seen as a matrix. An 
important reason for this metric be the natural one to be 
considered relies on the fact that it is Kahler. The symplectic 
form associated is given by 
(tP,t/J) = 2~ f1T (tP'(8),t/J(8»d8, 
where (, )is given by the Killing form metric and 
tP'(8) = (dtPld8)(8). 
Now let us recall the natural totally geodesic and holo-
morphic embedding of F(n) into O(U(n» as in Ref. 9. 
Let r = Hom(S I,G) the subgroup formed by closed 
geodesics. Clearly G acts on r by conjugation. Furthermore, 
each connected component is a G-orbit, i.e., is of the form 
(gyg-l, geG and fixed {'Er}. 
We know that y(expCI=Tt» = exp(tS) for some SEg 
such that exp(21TS) = I. We note thatgyg-l(exp(I=Tt)) 
= g exp(ts)g-l = exp(t Ad (g)S). Therefore the G-orbit of 
y is of the form Ad(g)S = G IH where H = {geG; 
Ad(g)S = S}, i.e., H is the centralizer of a torus. 
Then we can define the embedding 
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I/J: G/H-+O(G), 
gH..-gyg-l. 
If we put on G / H the pulled back Kahler metric of 
o (G) and consider compactible almost complex structures, 
we can see that I/J is totally geodesic and holomorphic. 
In the case we are primarily interested in this note it is 
enough to consider G = U(n) and 
where Ai ;fAj if i;fj, AjEZ so exp(21Ts) = 1. 
Let ga = (ali) be the Kahler metric obtained pullingback 
via I/J the natural Kahler metric on O(U(n» constructed 
above. Now let r/J: T 2 -+(F(n), ga= (ali» be a harmonic but 
not holomorphic map with respect to any almost complex 
structure on F(n). Now since I/J: (F(n), ga) -+O(U(n», the 
Kahler metric is totally geodesic and holomorphic we have 
that r/J = 1/JOr/J: T 2 -+O(U(n» is harmonic but not holomor-
phic. 
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